Abstract. We give new proofs of the convexity and connectedness properties of the moment map using the technique of symplectic cutting and extend these results to the case of orbifolds.
Introduction
In this paper we prove the following theorem, which extends results of Kirwan and others to the case of orbifolds. Recall that a subset of a vector space V is polyhedral if it is the intersection of nitely many closed half-spaces, and is locally polyhedral if for any point x 2 , there is a neighborhood U of x in V and a polyhedral set P in V such that U \ = U \ P. Theorem 1.1. Let (M; !) be a connected symplectic orbifold with a Hamiltonian action of a compact Lie group G and a proper moment map : M ! g . a. Let t + be a closed Weyl chamber for the Lie group G considered as a subset of g . The moment set := (M) \ t + is a convex locally polyhedral set. In particular, if M is compact then is a convex polytope. b. Each ber of the moment map is connected. The non-abelian convexity and connectedness theorem has numerous applications in symplectic geometry: For example, it is used in the classi cation of Hamiltonian G-orbifolds, in geometric quantization, and in the study of the existence of invariant K ahler structures. We also extend to orbifolds a theorem of Sjamaar Sj Together with the symplectic slice theorem, Sjamaar's result shows that the shape of the moment set near a point x 2 is determined by the isotropy representation at any point in the ber ?1 (x). For an application, see Karshon-Lerman KL] . Convexity theorems in symplectic geometry have a long history. For the action of a maximal torus on a coadjoint orbit Theorem 1.1 was proved by Kostant Ko] , extending previous results of Schur and Horn. This was generalized to the actions of subgroups by Heckman H] . For Hamiltonian torus actions on manifolds the theorem was proved independently by Atiyah A] and by Guillemin and Sternberg GS2] . In the non-abelian case Guillemin and Sternberg proved that the moment set is a union of convex polytopes and that it is a single polytope for a K ahler manifold. The convexity in the K ahler case was independently proved by Mumford NM] . The rst complete proof for Hamiltonian actions of non-abelian groups on manifolds was given by Kirwan Ki2] , using Morse theory of the Yang-Mills functional and results of Guillemin and Sternberg.
Since Kirwan's proof appeared, there have been several new approaches leading to extensions of the result. The techniques of Condevaux-Dazord- Molino CDM] and Hilgert-Neeb-Plank HNP] give a proof which also applies to actions on non-compact manifolds with proper moment maps. Sjamaar Sj] o ers a proof in the compact case which also gives information on the vertices of the polytope. Flaschka-Ratiu FR] extend the result to the setting of Poisson geometry. Brion B] , Sjamaar Sj], and Heinzner-Huckleberry HH] discuss extensions in algebraic and K ahler geometry.
Our motivation for o ering a new proof is twofold. First, Theorem 1.1 generalizes the result from manifolds to orbifolds; this category is important in symplectic geometry because, generically, the symplectic quotient of a symplectic manifold is an orbifold. Secondly, our proof is conceptually very simple. The rst step is to generalize the abelian version of the theorem to certain non-compact orbifolds. The key idea is to apply the technique of symplectic cutting L] to reduce to the compact case. In the second step we reduce the non-abelian case to the abelian case by means of a symplectic cross-section, as in CDM], HNP] and FR].
In Meinrenken-Woodward MW] the methods of this paper are used to prove convexity and connectedness properties for Hamiltonian loop group actions with proper moment maps. Results of this type were observed by S. Chang several years ago.
Symplectic cuts
We begin by recalling the de nition of a Hamiltonian action on a symplectic orbifold. An orbifold M is a topological space jMj, together with an atlas of uniformizing charts (Ũ; ?; '), whereŨ is open subset of R n , '(Ũ) is an open subset of jMj, ? is a nite group which acts linearly onŨ and xes a set of codimension at least two, and ' :Ũ ! jMj induces a homeomorphism fromŨ=? to '(Ũ) jMj. Just as for manifolds, these charts must cover jMj; they are subject to certain compatibility conditions; and there is a notion of when two atlases of charts are equivalent. For more details, see Satake Sa] .
A smooth function on M is a collection of smooth invariant functions on each uniformizing chart (Ũ; ?; ') which agree on overlaps of the images '(Ũ). Di erential forms, vectors elds, and other objects can be similarly de ned. There is also a notion of morphisms (maps) of orbifolds. Let x be a point in an orbifold M, and let (Ũ; ?; ') be a uniformizing chart with x 2Ũ=?. The (orbifold) structure group of x is the isotropy group ? x ofx 2Ũ, where '(x) = x. The group ? x is well de ned as an abstract group. The tangent space tox inŨ, considered as a representation of ? x is called the uniformized tangent space at x, and denoted byT x M. The quotientT x M=? x is T x M, the ber of the tangent bundle of M at x. Let b. The preimage Y = ?1 ( ) is a connected symplectic T-invariant suborbifold of M, and the restriction Y of to Y is a moment map for action of the maximal torus T.
c. The set G Y = fg m j g 2 G; m 2 Y g is dense in M. We will refer to as the principal face and to Y = ?1 ( ) as the principal cross-section. De nition 3.6. Suppose that a group G acts on an orbifold M. Given a point m in M with isotropy group G m , a suborbifold U M containing m is a slice at m if U is G m -invariant, G U is a neighborhood of m, and the map G Gm U ! G U; a; u] 7 ! a u is an isomorphism. In other words, G y \ U = G m y and G y G m for all y 2 U. Remark 3.7. Consider the coadjoint action of a compact connected Lie group G on g . For all x 2 g , there is a unique largest open subset U x g x g which is a slice at x. We refer to U x as the natural slice at x for the coadjoint action. In order to describe the natural slice, we may assume without loss of generality that x 2 t + . Let t + be the open face of t + containing x and let G denote the isotropy Lie group of x (the group is the same for all points of ). Then
is an open subset of g , and is equal to the natural slice U x .
Theorem 3.8 (Cross-section). Let (M; !) be a symplectic orbifold with a moment map : M ! g arising from an action of a compact Lie group G. Let x be a point in g and let U be the natural slice at x (see above). Then the cross-section R := ?1 (U) is a G x -invariant symplectic suborbifold of M, where G x is the isotropy group of x. Furthermore the restriction j R is a moment map for the action of G x on R.
Proof. By de nition of the slice, coadjoint orbits intersect U transversally. Since the moment map is equivariant, it is transversal to U as well. Hence the cross-section R = ?1 (U) is a suborbifold. Since the slice U is preserved by the action of G x and the moment map is equivariant, the cross-section is preserved by G x . It remains to show that for all r 2 R, the uniformized tangent spaceT r R is a symplectic subspace ofT r M. Let y = (r), and let m be the G x -invariant complement of g x in g. Then T y U is the annihilator of m for any y 2 U. We claim that (a) the tangent spaceT r R is symplectically perpendicular to m M Since G x y U and since m = (T y U) , for any 2 m and any 2 g x we have h ; ]; yi = h ; ad y ( )yi = 0;
i.e., T y (G x y) and ad y (m)y are symplectically perpendicular in T y (G y). Since T y (G y) = T y (G x y) ad y (m)y, it remains to show that the orbit G x y is a symplectic submanifold of the coadjoint orbit G y.
Since the natural projection : g ! g x is G x -equivariant, (G x y) = G x (y). By the de nition of the symplectic forms on a coadjoint orbit the restriction of the symplectic form on G y to G x y is the pull-back by of the symplectic form on the G x coadjoint orbit G x (y). Remarks 3.9. a. For the theorem to hold for a non-compact Lie group G one has to assume that a slice U exists at x and that the di erential of the restriction to U of the projection g ! g x is surjective.
b. The ow-out G R is equivariantly di eomorphic to the associated bundle G Gx R over the coadjoint orbit G x. c. Let G be a compact connected group, and M a Hamiltonian G-orbifold, with moment map : M ! g . In various applications in this paper, we will use symplectic cross-sections to reduce statements about G-orbits in M to the case that the orbit is contained in the zero level set ?1 (0).
The general argument is as follows. Let m 2 ?1 (t + ), and let t + be the open face containing x = (m). Let U g be the natural slice and R the corresponding natural cross-section, which is a Hamiltonian G -space. Since G contains the maximal torus, there is a unique G -invariant
where z(g ) is the center of g , g ; g ] its semi-simple part and m a complement in g. Notice that z(g ) can be characterized as the xed point set of the G -action on g. It follows that the linear span of is equal to z(g ) . Since x = ( jR )(m) 2 z(g ) , one can shift the moment map jR by x to obtain a new moment map 0 for the G -action on R for which m 2 ( 0 ) ?1 (0). 3.3. The principal face and cross-section. Lemma 3.10 below is used to show the existence of the principal face.
Lemma 3.10. Let Proof. (Theorem 3.1) Let S t be the a ne subspace described in Lemma 3.10, and t + the lowest dimensional face such that S \t + = S \ . Since the moment map is continuous, the moment set (M)\t + is contained in the closure of (M prin )\t + . By Lemma 3.10, (M prin are equal. It follows that the principal stabilizer algebra uniquely determines the principal face.
Hamiltonian torus actions on non-compact orbifolds
The following theorem is due in the manifold case to Atiyah A] and to Guillemin and Sternberg GS2] . The proofs in the orbifold case are in LT]. Let T be a torus, t its Lie algebra, t the dual of t and`= kerfexp : t ! Tg the integral lattice. A polytope in t is rational if the faces of the polytope are cut out by hyperplanes whose normal vectors are in the lattice`. Theorem 4.1. Let (M; !) be a compact, connected symplectic orbifold, and let : M ! t be a moment map for a Hamiltonian torus action on M.
a. The image (M) is a rational convex polytope, and b. each ber of is connected. As we have seen, for non-abelian actions the principal cross-section need not be compact even if the original manifold is compact. Therefore to reduce non-abelian convexity to the abelian case we need to generalize Theorem 4.1 to include a class of torus actions on non-compact orbifolds with not necessarily proper moment maps. Instead, we require that the moment map : M ! t is proper as a map into a convex open set U of t , i.e., that (M) U and that for every compact K U the preimage ?1 (K) is compact. This criterion is motivated by the following fact: if a Lie group acts on a symplectic orbifold with a proper moment map, then the induced moment map on the principal cross section is proper as a map into the principal face. We extend Theorem 4.1 to this case by using symplectic cuts to \compactify" M.
First we make an elementary observation.
Lemma 4.2. Let (M; !) be a compact, connected symplectic orbifold, and let : M ! t be a moment map for a Hamiltonian torus action on M. Assume that is proper as a map into a convex open set U t . Then for any compact set K U there exists a generic rational polytope P U, such that K is contained in the interior of P.
Proof. For any point x 2 U there exists a polytope P x U with rational vertices which contains x in the interior. The collection fint(P x ) : x 2 Kg is a cover of K. Since K is compact there exists a nite subcover int(P x1 ), : : : , int(P xs ). Take the convex hull P of the union P x1 : : : P xs . If P is generic, it is the desired polytope. If it is not, perturb it to be generic. Therefore the bers of are connected.
c. For each x 2 (M), let C x = fx + t(y ? x)j y 2 (M) and t 0g be the cone over (M) with vertex x. De ne A to be the intersection of all the cones C x for x 2 (M), A := \ x2 (M) C x . Since (M) is convex and is relatively closed in U, Lemma 4.4 below (applied to the closure X of (M) and to S = U) shows that (M) = A \ U.
We claim that A is the desired rational locally polyhedral set. First we show that all cones C x are rational polyhedral cones. Let x 2 (M) , and let P U be a generic polytope containing x in its interior. Since (M) is convex, C x is also the cone over P (M P ) with vertex x. In particular, C x is a rational polyhedral cone, and the tangent space of each facet is of the form t i , where t i is an isotropy Lie algebra for the action of the torus T in a neighborhood of ?1 (x).
Suppose next that K t is a compact convex subset with non-empty interior. Since the number of isotropy algebras for the T-action on ?1 (K) is nite, it follows that up to translation, the list of cones C x for x 2 K \ (M) is nite. Moreover, if C x is a translation of C y , then C x = C y since by convexity of (M) the line segment xy is contained in both C x and C y . It follows that the collection of cones C x , x 2 K \ (M) itself is a nite list C 1 ; : : : ; C N . This shows that A is a rational locally polyhedral set. In the proof we used the following lemma.
Lemma 4.4. Let V be a vector space, and X; S V convex subsets with X closed. For every x 2 X, let C x = fx + t(y ? x) j y 2 X; t 0g. Then X \ S = ? \ x2X\S C x \ S:
Proof. The inclusion \ " is obvious. To prove the opposite inclusion, assume that (X\S) and S? (X\S) are non-empty (since otherwise there is nothing to prove). Let y 2 S ? (X \ S). We have to show that y 6 2 T x2X\S C x . Let r be a ray with vertex y which intersects X \ S nontrivially. Since X is closed and convex r \ X is either a closed ray or a closed line segment. Let x be the point in r \ X closest to y. Then y does not lie in C x . Since S is convex, x is in X \ S.
In the last section, we will use the following corollary to Theorem 4.3.
Corollary 4.5. Let (M; !) be a connected symplectic orbifold, and let : M ! t be the moment map for a Hamiltonian torus action on M. If is proper as a map into a convex open set U, then for every 2 t, every local minimum of the function is a global minimum, where (m) := h (m); i. Proof. Since the moment set (M) is convex, its intersection with the a ne hyperplanes fx 2 t j (x) = ag is connected for all a 2 R. Since the bers of are connected this implies that ( ) ?1 (a) = ?1 (fx 2 t j (x) = ag)
is connected for all a. The result follows.
5. Proof of non-abelian convexity We now prove the non-abelian convexity and connectedness theorem 1.1. Let be the principal face. Since the closure of a convex set is convex, the moment set (M) \ t + is convex. Since the closure of is a polyhedral cone and since the intersection of the interior of the locally polyhedral set P with is nonempty, the closure of the intersection \ P is the intersection \ P. Therefore (M) \ t + = \ P = \ P is a locally polyhedral set. Since both P and are rational, the moment set is rational.
It remains to prove that the ber ?1 (x) is connected for all x 2 g . Since the bers of Y = jY are connected, we know that the bers of the restriction jG Y are connected. Since G Y is dense in M, we would like to conclude that all bers of are connected. However, this does not immediately follow. (Consider for example the map f from S 2 R 3 to S 1 C given by f(x 1 ; x 2 ; x 3 ) = e i x3 . The map f is proper and all bers are connected, except for the ber over z = ?1.) We need the following topological fact:
Lemma 5.1. Let X be a normal topological space and fU i g 1 i=1 a sequence of compact, connected subsets with U i+1 U i . Then their intersection C = T U i is connected.
Proof. Suppose that C = C 1 C 2 where C 1 and C 2 are closed and disjoint. We have to show that C 1 or C 2 is empty. Since X is normal, there exist disjoint open neighborhoods V 1 C 1 and V 2 C 2 . The intersection of the sets U 0 i := U i ? (V 1 V 2 ) is empty. Since the U 0 i are compact and U 0 i+1 U 0 i , this implies that for k su ciently large, the set U 0 k is empty. Since U k is connected, this means that U k \ V 1 = ; or U k \ V 2 = ;. Consequently, one of the sets C \ V 1 = C 1 , C \ V 2 = C 2 is empty. The proof of the connectivity of the bers ?1 (x) for x 2 g is now as follows. We may assume x 2 t + . Observe that ?1 (x) is connected if and only if ?1 (G x) is connected. Indeed, the reverse implication is true since ?1 (G x) = G ?1 (x) and the group G is connected. To see the forward implication it su ces to note that ?1 (G x)=G = ?1 (x)=G x and G x is connected. Proof. We will use the orbifold version of the local normal form theorem due to Marle Ma] and, independently, to Guillemin and Sternberg GS1] We are now ready to prove Theorem 6.1. 1. We begin by considering the special case (m) = 0. Because we are considering arbitrarily small neighborhoods, by Lemma 6.2 it su ces to consider neighborhoods U of the zero section of the model space F. Let V=? be the symplectic slice at m. Choose a G m -invariant complex structure on V=?
which is compatible with the symplectic form; let denote the norm squared of the induced metric.
The model F is a complex orbi-bundle over G Gm g m . The multiplication action of U (1) . LetV := f(t; ) 2 R g j jtj + jj jj < g. Since jj^ F (x)jj if^ (x) , one has^ F (U) ^ F (F ) \V, which is a G-invariant neighborhood of 0 2^ F (F ). Sincê F (F ) \ (R t + ) is a convex rational polyhedral cone, the image of every neighborhood of the vertex of this cone under the projection : R t ! t is a neighborhood of the vertex of The Cartan subalgebras of G and G are equal, but a Weyl chamber (t ) + of G is the union of certain Weyl chambers of G. Nonetheless, (R )\(t ) + = (R )\t + , which means that we can apply Remark 3.9.c to reduce to the case (m) = 0. We now prove Theorem 1.2. this follows from Theorem 1.2 and Theorem 6.1, because the local moment cone is equal to the cone with vertex at (m) over the moment set . For the general case, we note that as above, we can use cross-sections to reduce to the case (m) = 0, and since the statement is local, it is enough to check it for the local normal form, F. Now the moment map F is not proper. However, we may replace F by its cut F (?1; ] with respect to the S 1 -action generated by . Since the moment map for the cut space is proper, the claim follows.
